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Abstract Thermo-elastic analysis of a functionally graded spherical shell with piezoelectric layers under
the effect of thermo-electro-mechanical loading is carried out.Material properties of the shell are assumed
to be graded in the radial direction according to a power law function, while the Poisson’s ratio is
assumed to be constant. Governing differential equations are developed in terms of components of the
displacement field, electric potential and temperature of each layer of the shell. These equations are
then discretized using the polynomial differential quadrature method and numerical results of stress,
displacement, temperature and electric fields are obtained. Convergence of the present method is studied
and the results obtained are verified with results reported in the literature. Effects of the grading index of
material properties, temperature difference and thickness of piezoelectric layers on stress, displacement
and temperature fields are presented.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Laminated shells of revolution are very attractive members
for structural applications, due to their high load carrying
capacities. On the other hand, functionally graded materials
(FGMs) have received considerable attention from researchers
over the past two decades. These are advanced inhomogeneous
composite materials at microscopic scale, with material com-
positions varying continuously within the structure. The ma-
terial grading and microstructure of FGMs can be designed
to obtain the desired mechanical and thermal responses for
specific industrial applications. FGMs are usually made of a
mixture of metal and ceramic that provides the required ther-
mal resistance and reduction of thermal stresses. Suresh and
Mortensen [1] presented a comprehensive review on the de-
sign, processing, and modeling, as well as application, of FGMs.
As manufacturing of FGMs advances, new methodologies in
the structural analysis of components made of these materials
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doi:10.1016/j.scient.2012.12.014have to be developed. Several numerical and analytical studies
have been carried out on the thermo-mechanical behavior of FG
structuralmembers. Tornabene et al. [2] studied the vibration of
functionally graded conical shells, cylindrical shells and annular
plates, based on the first-order shear deformation theory, using
the differential quadrature method. Tanaka et al. [3] presented
a methodology for thermo-elastic design in FGMs in order to
reduce their thermal stresses. They employed direct sensitivity
and finite element methods to reach an optimal distribution
of the volume fraction of phases in the FGM. Chen and Lin [4]
investigated an alternative numerical solution of thick-walled
cylinders and spheres made of FGMs, using the transmission
matrix method. Obata and Noda [5] investigated the thermal
stresses in functionally graded hollow spheres and circular
cylinders employing a perturbation approach.
Pelletier and Vel [6] analyzed the steady state response of
an FG thick, simply supported, cylindrical shell subjected to
thermo-mechanical loads using the power series method. Dai
et al. [7] employed a directmethod to solve the heat conduction
problem and Navier equations of a functionally graded hollow
sphere, and presented exact solutions for the one-dimensional
steady-state magneto-thermo-elastic stresses. Eslami et al. [8]
solved the one dimensional steady state thermo-mechanical
stress problem in a hollow sphere made of functionally
graded material using the direct method of solution of the
corresponding Navier equation.
evier B.V. Open access under CC BY-NC-ND license.
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A(i) Weighting coefficient of the ith order derivative
in the piezoelectric layer
a Inner radius of the sphere
B(i) Weighting coefficient of the ith order derivative
in the host shell
b Outer radius of the sphere
Cij Elastic constants
Dr Radial electric displacement
Ef Electric field
Er Radial component of the electric field
E Young’s modulus of the host layer
eij Piezoelectric constants
hFGM Thickness of the host layer
hActuator Thickness of the actuator layer
hSensor Thickness of the sensor layer
I(i) Weighting coefficient of the ith order derivative
of an arbitrary function
KFGM Thermal conductivity of the host layer
KPiezo Thermal conductivity of the piezoelectric layer
m1 Grading index of the modulus of elasticity
m2 Grading index of the coefficient of thermal
expansion
m3 Grading index of the thermal conductivity
Pij Dielectric constants
S Thickness ratio of the host layer to the piezoelec-
tric layer
T Temperature difference
u Displacement component in the radial direction
αi Coefficient of thermal expansion
βii Pyroeletric constants
εij Components of strain tensor
λij Thermal modulus
υ Poisson’s ratio
σij Components of stress tensor
ψ Electric potential
In recent years, piezoelectric materials have been exten-
sively used in various smart structures as distributed sensors
and actuators for active structural control purposes. Several
research works have contributed towards modeling and inves-
tigating the basic structural responses of piezoelectric materi-
als, i.e. in the pioneering research work of Tiersten [9]. Shakeri
et al. [10] carried out three-dimensional elasticity analysis of
laminated cylinders with a piezoelectric sensor and actua-
tor layers, by means of trigonometric function expansion and
the Galerkin finite element method. A numerical analysis of a
piezoelectric strip under the effects of symmetric pressure and
voltage on the upper and the lower edges, with traction
free boundaries, using the generalized differential quadrature
method, is presented by Hong et al. [11]. Liew et al. [12] stud-
ied the active control of functionally graded shells with piezo-
electric sensors and actuators using the finite element method.
Sheng and Wang [13] obtained thermo-elastic vibration and
buckling characteristics of a functionally graded piezoelectric
cylindrical shell, using Hamilton’s principle and the first-order
shear deformation theory. Wu et al. [14] proposed an analyt-
ical solution for the thermo-electro-mechanical deformation
field of a laminated cylindrical shell. Material properties of
the shell were assumed to obey an identical power law in the
radial direction, and exact solutions were obtained using thepower series together with Fourier series expansion methods.
Alibeigloo [15] obtained a thermoelastic solution for axisym-
metric deformations of functionally graded cylindrical shells
bonded to thin piezoelectric layers, assuming a Navier type so-
lution for the governing equations. Akbari Alashti and Khor-
sand [16] carried out three-dimensional thermo-elastic analysis
of a functionally graded cylindrical shell with piezoelectric lay-
ers under the effect of asymmetric thermo-electro-mechanical
loads, using the polynomial and Fourier quadrature methods.
A quick review of thermo-electro-mechanical problems of
laminated functionally graded shells bonded to piezoelectric
layers with arbitrary boundary conditions reveals that it is
very hard, if not impossible, to obtain closed form analytical
solutions for such problems. On the other hand, a majority
of numerical methods require high computational effort to
reach acceptable degrees of accuracy. Hence, in this paper, an
attempt is made to present an efficient semi-analytical method,
namely, the polynominal differential quadrature method, to
carry out thermo-elastic analysis of a spherical shell with
piezoelectric layers made of functionally graded material
under the effects of thermo-electro-mechanical loads. The
governing differential equations are discretized to series form
and resulting equations are solved. Numerical results of stress,
displacement, temperature and electric fields are obtained
and compared with reported results, and the effects of the
grading index of material properties, temperature difference
and thickness of the piezoelectric layers are investigated.
2. Governing equations
Linear constitutive equations of a piezoelectric material
subjected to stress and electric fields are considered as:
σ = Cε − eTEf − λT ,
D = eε + βEf + PT , (1)
where σ , ε,D and Ef represent stress, strain, electric displace-
ment and electric fields, respectively; C, e and λ denote the
elastic, piezoelectric and thermal modulus constants, respec-
tively; β and P are the pyroelectric and dielectric constants, re-
spectively, and T expresses the temperature difference in the
spherically laminated piezoelectric shell.
The governing equation, i.e. Eq. (1), expresses the converse
and direct piezoelectric effects. For a shell made of non-
piezoelectric material, we set e = β = 0. Properties of piezo-
electric materials are assumed to be constant and independent
of the temperature. It is also noted that piezoelectric materi-
als with hexagonal structural symmetry exhibit transversely
isotropic behavior relative to their polarization axes.
The equilibrium equation in the radial direction of the
spherical coordinate system and in the absence of body force
is:
∂σr
∂r
+ 2(σr − σθ )
r
= 0. (2a)
And the governing equation of the electrostatic charge is [9]:
∂Dr
∂r
+ 2Dr
r
= 0. (2b)
The strain–displacement and the electric field–electric poten-
tial relations of a piezoelectric medium are defined as:
εr = ∂u
∂r
, εθ = ur , Er = −
∂ψ
∂r
, (3)
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potential, respectively.
Combining Eq. (3) with Eq. (1) results in a definition of
radial stress, circumferential stress and electrical displacement
components, in terms of radial displacement, electric potential
and temperature fields.
σr = c11 ∂u
∂r
+ 2c12 ur + e11
∂ψ
∂r
− λ 11T ,
σθ = c12 ∂u
∂r
+ (c22 + c23)ur + e 21
∂ψ
∂r
− λ 12T ,
Dr = e11 ∂u
∂r
+ 2e12 ur − β11
∂ψ
∂r
+ p11T .
(4)
By substituting parameters of the above equations into Eq. (2),
governing equations of equilibrium are obtained in terms of
the displacement fields, electric potentials and temperatures of
the piezoelectric layer. Hence, piezoelectric field equations are
found to be:
c11
∂2u
∂r2
+ 2c12

1
r
∂u
∂r
− 1
r2
u

+ e11 ∂
2ψ
∂r2
− λ11 ∂T
∂r
+ 2
r

c11
∂u
∂r
+ 2c12 ur + e11
∂ψ
∂r
− λ11T

−

c12
∂u
∂r
+ (c22 + c23)ur + e21
∂ψ
∂r
− λ12T

= 0, (5a)
e11
∂2u
∂r2
+ 2e21

1
r
∂u
∂r
− 1
r2
u

− β11 ∂
2ψ
∂r2
+ p11 ∂T
∂r
+ 2
r

e11
∂u
∂r
+ 2e12 ur − β11
∂ψ
∂r
+ p11T

= 0. (5b)
It is assumed that the host shell is made of isotropic and
functionally graded material. Hence, it has only three material
parameters, in addition to thermal conductivity, K ; namely,
Young’s modulus, E, Poisson’s ratio, ν, and the coefficient of
thermal expansion, α. It is assumed that the sphere is made
of material that is functionally graded in the radial direction,
except Poisson’s ratio, which is assumed to be constant through
the shell thickness. The stress components of an isotropic shell
are defined in terms of displacement components and the
temperature field as:
σr = Eυ
(1+ υ)(1− 2υ)

∂u
∂r
+ 2u
r

+ E
(1+ υ)
∂u
∂r
−

3Eυ
(1+ υ)(1− 2υ) +
E
(1+ υ)

αT ,
σθ = Eυ
(1+ υ)(1− 2υ)

∂u
∂r
+ 2u
r

+ E
(1+ υ)
u
r
−

3Eυ
(1+ υ)(1− 2υ) +
E
(1+ υ)

αT .
(6)
By substituting components of the above equation into
Eq. (2a), the equilibrium equation is developed in terms of the
displacement and temperature fields of the functionally graded
spherical layer, as follows:
Eυ
(1+ υ)(1− 2υ)

∂2u
∂r2
+ 2
r
∂u
∂r
− 2
r2
u

+ E
(1+ υ)
∂2u
∂r2
+ υ
∂E
∂r
(1+ υ)(1− 2υ)

∂u
∂r
+ 2u
r

+
∂E
∂r
(1+ υ)
∂u
∂r−

3Eυ
(1+ υ)(1− 2υ) +
E
(1+ υ)

∂α
∂r
T
−

3Eυ
(1+ υ)(1− 2υ) +
E
(1+ υ)

α
∂T
∂r
−

3υ ∂E
∂r
(1+ υ)(1− 2υ) +
∂E
∂r
(1+ υ)

αT
+ 2E
(1+ υ)r

∂u
∂r
− 1
r
u

= 0. (7)
In the present work, steady state heat conduction without
an internal heat source is considered. Hence, the governing
equation of the steady state temperature field is:
1
r2
∂
∂r

r2K
∂T
∂r

= 0, (8)
where K is the thermal conductivity.
3. Boundary conditions
The surface boundary conditions of the outer piezoelectric
shell, i.e. r = b, is considered to be free of tractions and the
temperature is assumed to be zero. Under these circumstances,
boundary conditions of the sensor layer are written as:
at r = b : σr = D = 0, T = 0. (9a)
The inner surface is subjected to uniform pressure and thermal
excitations. The corresponding boundary conditions of the
inner shell (i.e. r = a) are, as follows:
at r = a : σr = P0, T = Ta. (9b)
For a laminated shell, the interface equilibrium and compatibil-
ity conditions which must be met at the interface of each ad-
jacent layer, i.e. between the kth. and the (k + 1)th. layers, are
expressed as:
(σr)k = (σr)k+1, (ur)k = (ur)k+1,
(Dr)k = (Dr)k+1, (ψ)k = (ψ)k+1,
(T )k = (T )k+1,

K
∂T
∂r

k
=

K
∂T
∂r

k+1
.
(10)
4. Discrete equations
In this study, polynomial expansion based differential
quadrature, as introduced by Quan and Chang [17,18], is
employed to define the first and second order derivatives of
the function. Several polynomial based differential quadratures
have been developed by researchers. However, the most
useful approach is the one that uses the following Lagrange
interpolation polynomials as test functions:
fk(x) = M(x)
(x− xk)M(1)(xk) , k = 1, 2, . . . ,N, (11a)
where:
M(x) = (x− x1)(x− x2) · · · (x− xN),
M(1)(xi) =
N
k=1
k≠i
(xi − xk). (11b)
By applying above equation at N grid points, weighting coef-
ficients of the first order derivative are obtained. Weighting
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1, and (b) Shell 2.
coefficients of higher order derivatives are computed using a
matrix multiplication approach [19]. Hence, the following alge-
braic formulations for weighting coefficients are developed:
I(1)ij =
1
xj − xi
N
k=1
k≠i,j
xi − xk
xj − xk , i ≠ j;
I(1)ii =
N
k=1
k≠i
1
xi − xk ; I
(2)
ij =
N
k=1
I(1)ik I
(1)
kj ;
I(3)ij =
N
k=1
I(1)ik I
(2)
kj ,
(12)
where I(m)ij (m = 1, 2) is the weighting coefficient of the mth
order derivative.
Employing the differential quadrature method, the govern-
ing equations can be discretized into the following forms. The
corresponding governing equations of the piezoelectric field are
expressed as:
c11
N
l=1
A(2)il ul + 2c12

1
ri
N
l=1
A(1)il ul −
1
r2i
ui

+ e11
N
l=1
A(2)il ψl − λ11
N
l=1
A(1)il Tl
+ 2
ri

c11
N
l=1
A(1)il ul + 2c12
ui
ri
+ e11
N
l=1
A(1)il ψl − λ11Ti

−

c12
N
l=1
A(1)il ul + (c22 + c23)
1
ri
ui
− e21
N
l=1
A(1)il ψl − λ12Ti

= 0, (13a)
e11
N
l=1
A(2)il ul + 2e21

1
ri
N
l=1
A(1)il ul −
1
r2i
ui

−β11
N
l=1
A(2)il ψl + p11
N
l=1
A(1)il Tl
+ 2
ri

e11
N
l=1
A(1)il ul + 2e12
1
ri
ui
−β11
N
l=1
A(1)il ψl + p11Ti

= 0, (13b)
where A(m)ij (m = 1, 2) is the weighting coefficient of the mth
order derivative in the piezoelectric layer, and the governing
equation of the shell corresponding to Eq. (7) is:E
(1+ υ)(1− 2υ)

N
l=1
B(2)il ul +
2
ri
N
l=1
B(1)il ul −
2
r2i
ui

+ E
(1+ υ)
N
l=1
B(2)il ul +
υ ∂E
∂r
(1+ υ)(1− 2υ)
×

N
l=1
B(1)il ul +
2
ri
ui

+
∂E
∂r
(1+ υ)
N
l=1
B(1)il ul
−

3Eυ
(1+ υ)(1− 2υ) +
E
(1+ υ)

∂α
∂r
Ti
−

3Eυ
(1+ υ)(1− 2υ) +
E
(1+ υ)

α
N
l=1
B(1)il Tl
−

3υ ∂E
∂r
(1+ υ)(1− 2υ) +
∂E
∂r
(1+ υ)

αTi
+ 2E
(1+ υ)ri

N
l=1
B(1)il ul −
1
ri
ui

= 0, (14)
where B(m)ij (m = 1, 2) is the weighting coefficients of the mth
order derivative in the host layer.
The steady state temperature field in the shell and the
piezoelectric layers is represented as:
2KFGM
ri
N
l=1
B(1)il Tl + KFGM
N
l=1
B(2)il Tl
+ ∂KFGM
∂r
N
l=1
B(1)il Tl = 0, (15a)
2KPiezo
ri
N
l=1
A(1)il Tl + KPiezo
N
l=1
A(2)il Tl = 0, (15b)
where KFGM and KPiezo are the thermal conductivity for the host
and piezoelectric layers, respectively.
Boundary conditions of the piezoelectric and shell layers, as
defined in Eqs. (9a) and (9b), are expressed as:
Piezoelectric layer:
c11
N
l=1
A(1)il ul +

2c12
1
ri
ui

+ e11
N
l=1
A(1)il ψl − λ11Ti + P0 = 0, (16a)
e11
N
l=1
A(1)il ul + 2e12
1
ri
ui − β11
N
l=1
A(1)il ψl + p11Ti = 0. (16b)
Shell layer:
Eυ
(1+ υ)(1− 2υ)

N
l=1
B(1)il ul +
2ui
ri

+ E
(1+ υ)
N
l=1
B(1)il ul
−

3Eυ
(1+ υ)(1− 2υ) +
E
(1+ υ)

αTi + P0 = 0. (17)
Coordinates of grid points used in the r-direction are defined
according to the following non-uniform spacing formula [20]:
rj = a+

a− b
2

1− cos

j− 1
N − 1π

,
j = 1, . . . ,N. (18)
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Material Elastic constants, GPa
C11 C12 C13 C22 C23 C33 C44 C55 C66
PZT-4 139 78 74 139 74 115 25.6 25.6 30.5
Ba2NaNb5O15 239 104 5 247 52 135 65 66 76
Piezoelectric constants, C/m2 Permittivity, 10−9 C2/N m2 Pyroelectric constants, 10−5 C/m2 K
e11 e12 e13 e22 e23 β11 β22 β33 P11 P22 P33
PZT-4 −5.2 −5.2 15.1 12.7 12.7 6.5 6.5 5.6 5.4 5.4 5.4
Ba2NaNb5O15 −0.4 −0.3 4.3 3.4 2.8 1.96 2.01 0.28 5.4 5.4 5.4
Thermal modulus, 105 GPa/K Thermal conductivity, W/m K
λ11 λ12 Kr Kθ Kϕ
PZT-4 6.7 2 1.5 2.1 2.1
Ba2NaNb5O15 15 2.6 13.9 8.6 8.65. Numerical results and discussions
In this work, two types of shell are studied, namely; Shell
1 and Shell 2. Shell 1 is a two layered shell made of one layer
FGM with another layer of PZT-4 perfectly bonded to its outer
surface, and Shell 2 is a three layered shell made of one layer
FGM with two layers of Ba2NaNb5O15 and PZT-4 perfectly
bonded to its inner and outer surfaces. A sectional view of the
spherical shell of the problem and the coordinates is shown
schematically in Figure 1. In order to proceed with calculations,
at first, a convergence study of the present method is carried
out. The results for a thick-walled sphere made of functionally
graded material subjected to mechanical and thermal loads
are obtained using the differential quadrature method. These
results are then compared with the ones reported for a thick
hollow cylinder, as in [8]. A thick hollow sphere of the inner
radius, a = 1 m, and the outer radius of b = 1.2 m, is
considered. The sphere is assumed to be made of isotropic
material with its elastic modulus and thermal coefficient of
expansion varying through the thickness, obeying a power
law function. The effect of variation in the Poisson ratio on
stresses is neglected. Hence, a constant Poisson ratio of ν =
0.3 is assumed. Variation of the modulus of elasticity, E, the
coefficient of thermal expansion,α, and the thermal conduction
coefficient, K , are assumed to be obeying the following power
law formulation:
E(r) = Eirm1 , α(r) = αirm2 , K(r) = Kirm3 , (19)
where Ei, αi and Ki indicate the modulus of elasticity, the
thermal coefficient of expansion and the thermal conductivity
at the inner radius,which are assumed to be Ei = 200GPa, αi =1.2 × 10−6/°C and Ki = 2 W/m · k, respectively. The power
index for the modulus of elasticity, the coefficient of thermal
expansion and the heat conduction coefficient are assumed to
be identical and equal to −1 (i.e. mi = −1, i = 1, 2, 3).
The thick-walled sphere is subjected to a constant temperature,
T (a) = 10 °C, on the inner surface, while the outer surface is
maintained at zero temperature (i.e. T (b) = 0 °C). The hollow
sphere is assumed to be under the internal pressure of 50 MPa
and zero external pressure.
Results of the convergence study for different grid numbers
are shown in Figure 2(a) and (b). It is observed from Figure 2(a)
that as the number of grid points increases, results converge
rapidly. Hence, the appropriate number of grid points is chosen
as 10. The radial distribution of the hoop stress and radial
displacement fields calculated by the present method are
compared with the results reported in [8], which indicate
very good agreement, as shown in Figure 2(a) and (b). It is
observed that the differential quadrature method has a high
rate of convergence and requires less number of grid points, in
comparison with other numerical methods, to reach a certain
degree of accuracy.
Material properties of the host shell are assumed to be
graded in the r-direction, according to Eq. (19). Material
properties of piezoelectric layers used in the present study are
listed in Table 1.
The thickness ratio of the FGM layer to the piezoelectric
layer for shells 1 and 2 are assumed to be equal to 19 and 18,
respectively. It is also assumed that the inner radius and outer
radius of the shell are equal to 1 m and 1.25 m, respectively.
The following dimensionless parameters are defined for the
components of stress, displacement, temperature and electric
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shell type 1.fields:
σ¯r
σ¯θ

= 1
P

σ¯r
σ¯θ

, u = 1
b
u,
T¯ = T
Tb
, ψ¯ = β11 × αr
p11 × hFGM ψ.
(20)
The effect of the grading parameter, m, on the distribution
through the thickness of the dimensionless radial and circum-
ferential stresses, radial displacement, temperature and electric
potential for shell 1 are shown in Figure 3(a)–(e). It is observed
from Figure 3(a) and (c) that interface continuity conditions and
boundary conditions for radial stress and radial displacement
are fully satisfied. It is also shown in Figure 3(a) that the ab-
solute value of the radial stress decreases as m increases. The
distribution of circumferential stress is shown in Figure 3(b),
which indicates that the rate of change of the circumferential
stress increases as grading parameterm increases. Another im-
portant point observed from Figure 3(b) is the discontinuityof the circumferential stress in the host and the sensor layers.
It is realized from Figure 3(c) that as m increases, the dimen-
sionless radial displacement monotonously increases with its
maximum value at the inner surface. The dimensionless tem-
perature distribution is displayed in Figure 3(d), showing a lin-
ear distribution through the thickness of the sensor layer but a
nonlinear distribution through the thickness of the FGM shell,
which is due to the power law grading of its material proper-
ties. The dimensionless electric potentials are displayed in Fig-
ure 3(e), showing a zero electric potential in the FGM layer, as
expected. It is also shown that the sensor layer senses high volt-
age as grading parameter m increases. It is also interesting to
note that the absolute values of the dimensionless radial stress,
temperature distribution and electric potential at the point of
a shell with material properties graded in the radial direction
are always less than those of a corresponding point in a homo-
geneous shell (m = 0). These results would be helpful in de-
signing a functionally graded shell with an appropriate grading
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the whole structure.
Effects of the temperature difference at two surfaces
of the spherical shell on the dimensionless stresses, radial
displacement and electric potential in the radial direction
for shell 1 are presented in Figure 4(a)–(d). For the sake
of simplicity, numerical calculations are carried out with
the temperature of the outer surface assumed to be fixed,
i.e. T (b) = 0 °C, and the temperature of the inner surface
varying as a parameter. Material properties are assumed to
vary linearly in the radial direction, i.e. m = 1. It is revealed
from Figure 4(a) that the absolute values of dimensionless
radial stress increase as the temperature difference increases.
It is shown in Figure 4(b) that the rate of change of
the dimensionless circumferential stress increases as the
temperature difference increases. It is also observed that the
response curves of the dimensionless circumferential stress
intersect at a radial position of about r/b ≈ 0.90, indicating an
invariant value of the circumferential stress for different values
of temperature differences. Variation of the dimensionless
radial displacement is plotted in Figure 4(c), which shows an
increase as the temperature difference increases. It is observed
from Figure 4(d) that the dimensionless electric potential
sensed via the sensor layer increases as the temperature
difference increases.
Effects of the ratio of the thickness of the FGM layer to the
thickness of the piezoelectric layer (i.e. S = hFGM/hPiezo) for
shell type 1 are shown in Figure 5(a)–(e). It is observed from
Figure 5(a) that the effect of S on the dimensionless radial stress
is less than the other parameters. It is shown in Figure 5(b)
and (c) that the dimensionless circumferential stress and radial
displacement increase as S increases. However, the behavior
for the temperature distribution is the opposite, as depicted
in Figure 5(d). The effect of the geometric parameter, S, onthe distribution of the electric potential is found to be the
highest among all other parameters, as shown in Figure 5(e),
indicating a decrease in the dimensionless electric potential as S
increases.
Next, the effect of the grading parameter, m, for shell type
2 is studied, and the results are depicted in Figure 6(a)–(d).
As expected, the interface continuity conditions for the radial
stress, radial displacement and temperature distribution, and
also boundary conditions, are fully satisfied. The sensor and
actuator layers are assumed to be orthotropic with constant
material properties. Hence, the distribution of parameters
through the thickness is expected to be almost linear. However,
distributions of parameters in the FGM shell are nonlinear
due to the power law grading of material properties through
the thickness. It is shown in Figure 6(a) that the absolute
value of the dimensionless radial stress across the thickness
increases in magnitude as the grading parameter, m, increases.
It is also observed from Figure 6(b) that the dimensionless
circumferential stress increases in the actuator and sensor
layers as m increases. It is interesting to note that for
m = 1, the circumferential stress in the host layer is
almost constant. Another interesting point is the discontinuity
of the circumferential stresses between layers, as shown in
Figure 6(b). It is also revealed from Figure 6(c) and (d)
that the dimensionless radial displacement increases and the
temperature distribution decreases asm increases. Comparison
of results presented in Figures 3 and 6 indicates that the effect
of the actuator layer (i.e. electric excitation) on the distribution
of parameters is high.
Effects of the temperature difference at two surfaces of the
spherical shell on the distribution of dimensionless parameters
through the thickness of shell 2 are presented in Figure 7(a)–(d).
Numerical results are calculated with the temperature of the
outer surface assumed to be zero and that of the inner surface
116 R. Akbari Alashti et al. / Scientia Iranica, Transactions B: Mechanical Engineering 20 (2013) 109–119Figure 5: Effects of S on the dimensionless (a) radial stress, (b) circumferential stress, (c) radial displacement, (d) temperature distribution, and (e) electric potential-
shell type 1.to vary as a parameter. It is shown in Figure 7(a) that the
dimensionless radial stress is almost constant, irrespective
of the variation in temperature difference. It is observed
from Figure 7(b) that dimensionless circumferential stresses
decrease in the actuator layer but are constant in the FGM
and sensor layers as the temperature difference increases. The
dimensionless electric potential sensed via the sensor layer
increases as the thermal excitation increases, as shown in
Figure 7(d).
Finally, effects of the ratio of the thickness of the FGM layer
to the thickness of the piezoelectric layer (i.e. S) for shell 2
are shown in Figure 8(a)–(e). It is realized from Figure 8(a)
and (b) that absolute values of the dimensionless radial and
circumferential stresses increase as S increases. As depicted in
Figure 8(c) and (d), values of dimensionless radial displacement
increase and temperature distribution decreases as S increases.
It is also revealed from Figure 8(e) that the dimensionlesselectric potential decreases as the parameter, S, increases. As
it is shown in Figure 8(a)–(e), the effect of piezoelectric layers
becomes negligibly small as the thickness of piezoelectric layers
decreases to some value of, about, hFGM = 50hPiezo.
6. Conclusions
A semi-analytical method of solution for the deformation
and stress fields of a functionally graded hollow spherical
shell with piezoelectric layers motivated by thermo-electro-
mechanical loads is presented. The resulting differential
equations are solved employing the polynomial differential
quadrature method. Boundary conditions at the edges, and
the interface compatibility conditions between adjacent layers,
are fully satisfied. Numerical results have revealed that
the presence of material inhomogeneity and piezoelectric
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displacement and thermal fields of a spherical shell. From the
present study, the following conclusions are obtained:– In a functionally graded shell, values of dimensionless
absolute temperature distribution are less in magnitude
than those of a corresponding point in a homogeneous shell.
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shell type 2.– In a functionally graded shell, distributions of the dimen-
sionless temperature field through the thickness of the shell
are nonlinear, due to the power law variation of thematerial
properties across the thickness, but are linear for the piezo-
electric layer.
– Values of the dimensionless radial displacement and sensed
electric potential increase, as the temperature difference
increases.
– The effect of the ratio of the thickness of the FGM layer to
the thickness of the piezoelectric layer on the dimensionless
electric potential is higher than other parameters, such as
stress and radial displacement fields.
– Electric excitation has a significant effect on the value of
stress, radial displacement and temperature fields in a shell
with piezoelectric layers.
– The maxima of the dimensionless radial displacement and
sensed electric potential occur at the inner and outer radii,
respectively.– The effect of piezoelectricity becomes negligibly small as the
thickness of the piezoelectric layers decreases to about 2% of
the thickness of the host shell.
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